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ABSTRACT
We present threshold enhanced QCD corrections to rapidity distributions of di-leptons in the Drell-
Yan process and of Higgs particles in both gluon fusion and bottom quark annihilation processes
using Sudakov resummed cross sections. We have used renormalisation group invariance and the
mass factorisation theorem that these hard scattering cross sections satisfy as well as Sudakov
resummation of QCD amplitudes. We find that these higher order threshold QCD corrections
stabilise the theoretical predictions under scale variations.
Perturbative Quantum Chromodynamics (pQCD) provides a framework to successfully com-
pute various observables in the collisions of hadrons at high energies. Recent theoretical advances
in the computations of higher order QCD radiative corrections have lead to precise results for sev-
eral important observables. Because of this progress, we can now predict these observables with
unprecedented accuracy for physics studies at the Tevatron collider in Fermilab as well as at the
upcoming Large Hadron Collider (LHC) in CERN [1].
The Drell-Yan (DY) production of di-leptons [2] has been one of the most important probes of
the structure of hadrons. It is also one of the dominant production processes at hadron colliders.
At the LHC, it will serve as a luminosity monitor which is very important to precisely calibrate the
machine for searches for physics beyond the Standard Model (SM). In DY production, a pair of
leptons is produced through the decay of virtual photons, Z and W bosons that result from the colli-
sions of incoming partons (quarks and gluons) in the hadrons. At hadron colliders, the DY process
provides precise measurements of various standard model parameters. Rapidity distributions of
Z bosons [3] and charge asymmetries of leptons coming from W boson decays [4] can probe the
structure of the hadrons and possible excess events in di-lepton invariant mass distributions can
point to physics beyond the standard model such as R-parity violating supersymmetric models and
models with Z′, or with contact interactions [5]. Both D0 and CDF collaborations [6] at the Fermi-
lab Tevatron made precise measurements of Z and W production cross sections and asymmetries
which not only allowed for stringent tests of the standard model but also play an important role in
the Higgs search at future colliders. These measurements are also possible at the LHC due to the
large cross sections for the DY process.
The other process which is equally important is Higgs boson production at these colliders
because it will establish the Standard Model as well as look for beyond the SM Higgs [7, 8]. The
Higgs boson, which is responsible for the electroweak symmetry breaking in the Standard Model,
is yet to be discovered. The search for this particle has been going on at the Fermilab Tevatron and
is one of the most important tasks for the CERN LHC. The LEP experiments in the past provided
vital information on the possible mass range of this particle [9]. The lower bound on the mass is
114.4 GeV/c2 and an upper bound is less than 219 GeV/c2 at 95% CL [10]. At the LHC, Higgs
bosons will be predominantly produced through the gluon fusion process due to the large flux of
gluons in the protons at these energies. They can be detected through the rare two photon decay
mode which has less QCD background than other signals.
In pQCD, the total cross sections for the DY production of di-leptons and Higgs boson pro-
duction are known upto next-to-next-to-leading order (NNLO) level [11–27]. However, due to the
complexity involved with the top quark loops, the Higgs production cross sections are only known
in the large top quark mass limit beyond the next-to-leading order (NLO). In addition to these fixed
order results, the resummation programs for the threshold corrections to the total cross sections for
DY and Higgs production have also been very successful [28, 29](see also [30]). See [22, 31] for
next-to-next-to-leading logarithmic (NNLL) resummation results. Due to several important QCD
results at the three loop level that are recently available [32–38], the resummation upto N3LL has
also become a reality [39–42]. The fixed order partial soft-plus-virtual N3LO corrections [39, 43]
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to the DY and Higgs productions show the reliability of the perturbation theory and the stability
against the scale variations. The fixed order results as well as the resummed results reveal very
interesting structures in the perturbative QCD results (see, [42, 44–47]).
Infra-red safe observables, such as hadronic cross sections, are computed using the QCD im-
proved parton model. Due to the factorisation property that certain hard scattering cross sections
satisfy, they can be expressed interms of finite partonic cross sections convoluted with the parton
distributions functions (PDFs). The partonic cross sections are calculated in QCD using standard
perturbation theory in powers of the strong coupling constant gs that becomes small at high en-
ergies. The ultraviolet singularities that arise beyond leading order are often removed in the MS
renormalisation scheme at a renormalisation scale µR. The collinear singularities that result due
to the presence of light mass partons are mass factorised into the bare parton densities in the MS
scheme at a factorisation scale µF . Hence the fixed order perturbative results are often sensitive
to these scales µR and µF . For example see [48] for a study of scale variations of the Higgs cross
section in NLO. However results that are known to sufficiently high order in the strong coupling
constant are often less sensitive to these scales because the observables are renormalisation group
invariant. That is they would be strictly independent of choice of these scales if the entire pertur-
bative expansion were known.
In addition to the scale uncertainties the fixed order computations suffer from the presence of
various large logarithms which arise in some kinematical regions. These regions are often impor-
tant from the experimental point of view. The large largarithms spoil the standard perturbative
approach. The alternate approach is to resumm these logarithms in a closed form. Resumming a
class of large logarithms supplemented with fixed order results can usually cover the entire kine-
matic region of the phase space. In this paper, we will mainly concentrate on a class of logarithms
that arise in the threshold regions. These threshold corrections are further enhanced when the
fluxes of the incoming partons become large in those regions. In the case of Higgs production
through gluon fusion, the gluon flux at small partonic energies becomes large enhancing the role
of threshold corrections. Here we examine the effects of soft gluons that originate in the threshold
region of the phase space when we consider the xF and rapidity distributions in DY production
and Higgs production through both gluon fusion and bottom quark annihilation. Here the large
logarithms are generated when the gluons that are emitted from the incoming/outgoing partons
become soft.
In [42], we found that soft distribution functions of Drell-Yan and Higgs production cross sec-
tions in perturbative QCD are maximally non-abelian. That is, we found that the soft distribution
function for Higgs production can be obtained entirely from the DY process by a simple multipli-
cation of the colour factor CA/CF . In the article [43], using the soft distribution functions extracted
from DY, and the form factor of the Yukawa coupling of Higgs to bottom quarks, we predicted
the soft-plus-virtual (sv) part of the Higgs production through bottom quark annihilation beyond
NNLO with the same accuracy that the DY process and the gluon fusion to Higgs process are
known [39, 42]. We extended [44] this approach to entirely different processes such as Higgs de-
cay to bottom quarks and hadroproduction in e+e− annihilation. The approach that we followed
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in [42–44] is closely related to that of the standard threshold resummation and hence we could de-
termine [42] the threshold exponents DIi upto three loop level for DY and Higgs production using
our resummed soft distribution functions and BIi for both deep inelastic scattering and Higgs decay
and hadroproduction. In this paper we extend this approach to include differential cross sections
such as xF and rapidity distributions of the di-lepton pair in DY production and of Higgs bosons in
Higg production processes.
In the following we systematically formulate a framework to resum the dominant soft gluon
contributions to these differential cross sections. We perform the resummation in the zi(i = 1,2)
space of the kinematic variables, which are the appropriate scaling variables that enter the differ-
ential partonic cross sections. The threshold region corresponds to zi → 1 and in this region all
the partonic cross sections are symmetric in z1 ↔ z2. We have used renormalisation group (RG)
invariance, mass factorisation and Sudakov resummation of QCD amplitudes as guiding principles
to perform the resummation in this region. Using the resummed results in zi space we predict
the soft-plus-virtual parts (also called threshold corrections) of the dominant partonic differential
cross sections beyond N2LO. We also study the numerical effect of our predictions on both the
xF and rapidity distributions of di-leptons and Higgs bosons. The analytical results are presented
in the Appendices for both DY and Higgs production 1 through gluon fusion. For an early refer-
ence where the resummation for DY differential distributions at rapidity Y = 0 (or xF = 0) was
considered consult [49].
The differential cross section can be expressed as:
dσI
dx = σ
I
Born(x
0
1,x
0
2,q
2)W I(x01,x
0
2,q
2) , I = q,b,g , (1)
with the normalisation W IBorn(x01,x02,q2) = δ(1− x01)δ(1− x02). The x0i (i = 1,2) are related to the
kinematical variables q2 and x. Here q is the momentum of the di-lepton pair in the DY process
and of the Higgs boson in the Higgs production. The variable x can be the xF or rapidity of the
di-lepton pair or of the Higgs boson. For di-lepton production, I = q and σI = dσq(τ,q2,x)/dq2
with q2 the invariant mass of the final state di-lepton pair i.e, q2 = M2l+l− . For Higgs production
through gluon fusion, I = g and σI = σg(τ,q2,x) and for Higgs production through bottom quark
annihilation I = b and σI = σb(τ,q2,x) with q2 = m2H where mH is the mass of the Higgs boson.
The variable τ = q2/S with S = (p1 + p2)2 the center of mass energy squared where pi are the
momenta of incoming hadrons Pi (i = 1,2). In the QCD improved parton model, the function
W I(x01,x
0
2,q
2) can be expressed in terms of the PDFs appropriately convoluted with perturbatively
calculable partonic differential cross sections denoted by ∆Id,ab, where the subscript ”d” stands for
"differential", as follows
W I(x01,x
0
2,q
2) = ∑
ab=q,q,g
∫ 1
0
dx1
∫ 1
0
dx2 H Iab(x1,x2,µ2F)
1The results for the Higgs production via bottom quark annihilation are not presented here but can be obtained
from the authors on request.
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×
∫ 1
0
dz1
∫ 1
0
dz2 δ(x01− x1z1) δ(x02− x2z2) ∆Id,ab(z1,z2,q2,µ2F ,µ2R) . (2)
Here, µR is the renormalisation scale and µF the factorisation scale. We consider the differential
cross sections for two kinematic variables namely
x = xF =
2(p1− p2) ·q
S
, and x = Y = 1
2
log
(
p2 ·q
p1 ·q
)
. (3)
For the xF (x = xF ) distribution, the x0i variables satisfy
xF = x
0
1− x02, τ = x01x02 , (4)
while for the rapidity Y (x = Y ) distribution, we have
Y =
1
2
log
(
x01
x02
)
, τ = x01x
0
2 . (5)
Here, the function H Iab(x1,x2,µ2F) is the product of PDFs fa(x1,µ2F) and fb(x2,µ2F) renormalised at
the factorisation scale µF . That is,
H qab(x1,x2,µ
2
F) = f P1a (x1,µ2F) f P2b (x2,µ2F) ,
H gab(x1,x2,µ
2
F) = x1 f P1a (x1,µ2F) x2 f P2b (x2,µ2F) , (6)
with xi (i = 1,2) the momentum fractions of the partons in the incoming hadrons.
We first study the contributions coming from the soft gluons. The infra-red safe contributions
from the soft gluons can be obtained by adding the soft part of the differential cross sections with
the ultraviolet renormalised virtual contributions and performing mass factorisation using appro-
priate counter terms. This combination is called the "soft-plus-virtual" (sv) part of the differential
cross section. We call the remaining part the hard part of the differential cross section. Hence we
write
∆Id,ab(z1,z2,q2,µ2F ,µ2R) = ∆hardI,ab (z1,z2,q2,µ2F ,µ2R)+δab∆svd,I(z1,z2,q2,µ2F ,µ2R), I = q,b,g . (7)
The contributions coming from the hard parts ∆hardI,ab (z1,z2,q2,µ2F ,µ2R) of the differential cross sec-
tions can be obtained by the standard procedure discussed in detail in [50,51]. The soft-plus-virtual
parts of the differential cross sections (∆svd,I(z1,z2,q2,µ2R,µ2F)) are found to be
∆svd,I(z1,z2,q
2,µ2R,µ
2
F) = C exp
(
ΨId(q2,µ2R,µ2F ,z1,z2,ε)
)∣∣∣∣
ε=0
, (8)
where ΨId(q2,µ2R,µ2F ,z1,z2,ε) are finite distributions They are computed in 4+ ε dimensions and
take the form
ΨId(q2,µ2R,µ2F ,z1,z2,ε) =
(
ln
(
ZI(aˆs,µ2R,µ2,ε)
)2
+ ln | ˆF I(aˆs,Q2,µ2,ε)|2
)
δ(1− z1)δ(1− z2)
+2 Φ Id (aˆs,q
2,µ2,z1,z2,ε)−C lnΓII(aˆs,µ2,µ2F ,z1,ε) δ(1− z2)
−C lnΓII(aˆs,µ2,µ2F ,z2,ε) δ(1− z1) , I = q,b,g . (9)
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The symbol "C" means convolution. For example, C acting on the exponential of a function
f (z1,z2) means the following expansion:
Ce f (z1,z2) = δ(1− z1)δ(1− z2)+ 11! f (z1,z2)+
1
2!
f (z1,z2)⊗ f (z1,z2)
+
1
3!
f (z1,z2)⊗ f (z1,z2)⊗ f (z1,z2)+ · · · . (10)
In the rest of the paper the function f (z1,z2) is a distribution of the kind δ(1−z j) or Di(z j), where
Di(z j) =
[
lni(1− z j)
(1− z j)
]
+
i = 0,1, · · ·, and j = 1,2 , (11)
and the symbol ⊗ means the "double" Mellin convolution. It convolutes with respect to the vari-
ables z1 and z2 separately. Since we are only interested in the sv part of the cross sections, we drop
all the regular functions that result from various convolutions. ˆF I(aˆs,Q2,µ2,ε) are the form factors
that contribute to di-lepton (I = q) (in DY) and Higgs (I = g,b) production. In the form factors, we
have Q2 =−q2. The partonic cross sections depend on two scaling variables z1,z2. The functions
Φ Id (aˆs,q2,µ2,z1,z2,ε) are called the soft distribution functions. The unrenormalised (bare) strong
coupling constant aˆs is defined as
aˆs =
gˆ2s
16pi2 , (12)
where gˆs is the strong coupling constant which is dimensionless in n= 4+ε space time dimensions.
The scale µ comes from the dimensional regularisation which makes the bare coupling constant gˆs
dimensionless in n dimensions. The bare coupling constant aˆs is related to renormalised one by
the following relation:
Sεaˆs = Z(µ2R)as(µ2R)
(
µ2
µ2R
)ε
2
, (13)
where Sε = exp
{ε
2 [γE − ln4pi]
}
is the spherical factor characteristic of n-dimensional regularisa-
tion. The renormalisation constant Z(µ2R) relates the bare coupling constant aˆs to the renormalised
one as(µ2R). They are both expressed in terms of the perturbatively calculable coefficients βi which
are known up to four-loop level in terms of the colour factors of SU(N) gauge group:
CA = N, CF =
N2−1
2N
, TF =
1
2
. (14)
Also we use n f for the number of active flavours. In the case of Higgs production, the number of
active flavours is five because the top degree of freedom is integrated out in the large mtop limit.
The factors ZI(aˆs,µ2R,µ2,ε) are the overall operator renormalisation constants. For the vector
current Zq(aˆs,µ2R,µ2,ε) = 1, but both the gluon operator [52] and the bottom quark coupling to
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Higgs [53] get overall renormalisations. They satisfy the following RG equations:
µ2R
d
dµ2R
lnZg(aˆs,µ2R,µ2,ε) =
∞
∑
i=1
ais(µ
2
R)
(
i βi−1
)
,
µ2R
d
dµ2R
lnZb(aˆs,µ2R,µ2,ε) =
∞
∑
i=1
ais(µ
2
R) γbi−1 , (15)
where the limit ε→ 0 is taken. The constants i βi−1 and γbi−1 are the anomalous dimensions of the
renormalised form factors Fg and Fb respectively.
The bare form factors ˆF I(aˆs,Q2,µ2,ε) of both fermionic and gluonic operators satisfy the fol-
lowing differential equation that follows from the gauge as well as the renormalisation group in-
variances [54–57]. In dimensional regularisation,
Q2 ddQ2 ln
ˆF I
(
aˆs,Q2,µ2,ε
)
=
1
2
[
KI
(
aˆs,
µ2R
µ2
,ε
)
+GI
(
aˆs,
Q2
µ2R
,
µ2R
µ2
,ε
)]
, (16)
where the KI contain all the poles in ε and the GI collect the rest of the terms that are finite as
ε becomes zero. The fact that the ˆF I(aˆs,Q2,µ2,ε) are renormalisation group invariant and the
functions GI are finite implies that the KI terms can be expressed in terms of finite constants AI ,
the so-called cusp anomalous dimensions and the coefficients βi. The solution to the eqn.(16) can
be obtained as a series expansion in the bare coupling constant in dimensional regularisation. The
formal solution up to four-loop level can be found in [34, 42].
The boundary conditions on the Sudakov differential equation, denoted by G Ii (ε) (see eqn.(19)
of [43]) can be found for both I = q and I = g in [35] to the required accuracy in ε. We have
extended this in [43] to the form factor corresponding to the Yukawa interaction of the Higgs
boson to the bottom quarks. These constants G Ii (ε) are expressed in terms of the functions BIi and
f Ii . The BIi are known up to order a3s through the three-loop anomalous dimensions (or splitting
functions) [32, 33] and are found to be flavour independent, that is Bqi = Bbi . The constants f Ii are
analogous to the cusp anomalous dimensions AIi that enter the form factors with A
q
i = Abi . It was
first noticed in [27] that the single pole (in ε) of the logarithm of the form factors upto two-loop
level (a2s ) can be predicted 2 due the presence of constants f Ii because these f Ii are found to be
maximally non-abelian obeying the relation
f qi = f bi =
CF
CA
f gi , (17)
similar to the AIi . This relation has been found to hold even at the three loop level [35]. With
this information we can now predict all the poles of the form factors at every order in aˆs from
these constants AI ,BI, f I , their anomalous dimensions, and the finite parts of the lower order (in aˆs)
contributions to the form factors. Interestingly, the single pole terms in the form factors contain
the combinations [27, 34, 42, 43]
2
(
B Ii −δI,g i βi−1−δI,bγbi−1
)
+ f Ii ,
2A similar analysis of the structure of single pole terms of four-point amplitutes at the two-loop level can be found
in [58, 59].
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at order aˆis. The terms −2δI,g i βi−1− 2δI,bγbi−1 come from the ultraviolet divergences that are
present in the loop integrals. These pole terms go away when the form factors undergo over-
all operator UV renormalisation through the renormalisation constants Z I which satisfy the RG
equations given in eq.(15).
The collinear singularities that arise due to massless partons are removed using the mass fac-
torisation kernel Γ(z j,µ2F ,ε) in the MS scheme (see eqn.(9)). We have suppressed the dependence
on aˆs and µ2 in Γ. The factorisation kernel Γ(z j,µ2F ,ε) satisfies the following renormalisation group
equation:
µ2F
d
dµ2F
Γ(z j,µ2F ,ε) =
1
2
P
(
z j,µ2F
)⊗Γ(z j,µ2F ,ε) , (18)
where the P(z j,µ2F) are the well-known DGLAP matrix-valued splitting functions which are known
upto three-loop level [32, 33]:
P(z j,µ2F) =
∞
∑
i=1
ais(µ
2
F)P
(i−1)(z j) . (19)
The diagonal terms in the splitting functions P(i)(z j) have the following structure
P(i)II (z j) = 2
[
BIi+1δ(1− z j)+AIi+1D0(z j)
]
+P(i)reg,II(z j) , (20)
where P(i)reg,II(z j) are regular when the argument approaches the kinematic limit (here z j → 1). The
RG equations can be solved by expanding in powers of the strong coupling constant. For the soft-
plus-virtual part of the differential cross sections, only the diagonal parts of the kernels contribute.
We find the solutions contain only poles in ε in the MS scheme:
Γ(z j,µ2F ,ε) = δ(1− z j)+
∞
∑
i=1
aˆis
(
µ2F
µ2
)iε2
SiεΓ(i)(z j,ε) . (21)
The constants Γ(i)(z j,ε) expanded in negative powers of ε up to four-loop level can be found
in [42]. The ΓII(aˆs,µ2,µ2F ,z j,ε) in eqn.(9) is the diagonal element of Γ(z j,µ2F ,ε).
The fact that ∆svI are finite in the limit ε→ 0 implies that the soft distribution functions should
have a pole structure in ε similar to that of ˆF I and ΓII . To systematically study the soft distribution
functions, we demand that they satisfy similar Sudakov type differential equations that the form
factors ˆF I satisfy (see eqn.(16)):
q2
d
dq2 Φ
I
d (aˆs,q
2,µ2,z1,z2,ε) =
1
2
[
K Id
(
aˆs,
µ2R
µ2
,z1,z2,ε
)
+G Id
(
aˆs,
q2
µ2R
,
µ2R
µ2
,z1,z2,ε
)]
, (22)
where again the constants K Id contain all the singular terms in ε and the G
I
d are finite functions of
ε. Also the functions Φ Id (aˆs,q2,µ2,z1,z2,ε) satisfy the renormalisation group equations:
µ2R
d
dµ2R
Φ Id (aˆs,q
2,µ2,z1,z2,ε) = 0 . (23)
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This renormalisation group invariance leads to the following equations
µ2R
d
dµ2R
K Id
(
aˆs,
µ2R
µ2
,z1,z2,ε
)
=−A I(as(µ2R))δ(1− z1)δ(1− z2) ,
µ2R
d
dµ2R
G Id
(
aˆs,
q2
µ2R
,
µ2R
µ2
,z1,z2,ε
)
= A I(as(µ2R))δ(1− z1)δ(1− z2) . (24)
If Φ Id (aˆs,q2,µ2,z1,z2,ε) contains the correct poles to cancel the poles coming from ˆF I ,ZI and ΓII
in order to make ∆svd,I finite, then the constants A
I have to satisfy
A I =−AI . (25)
Using the above relation, the solution to the RG equation for G Id
(
aˆs,q2/µ2R,µ2R/µ2,z1,z2,ε
)
is
found to be
G Id
(
aˆs,
q2
µ2R
,
µ2R
µ2
,z1,z2,ε
)
= G Id
(
as(µ2R),
q2
µ2R
,z1,z2,ε
)
= G Id
(
as(q2),1,z1,z2,ε
)
−δ(1− z1)δ(1− z2)
∫ 1
q2/µ2R
dλ2
λ2 A
I (as(λ2µ2R)) . (26)
With these solutions, it is straightforward to solve the Sudakov differential equations yielding
Φ Id (aˆs,q2,µ2,z1,z2,ε) = Φ Id (aˆs,q2(1− z1)(1− z2),µ2,ε)
=
∞
∑
i=1
aˆis
(
q2(1− z1)(1− z2)
µ2
)iε2
Siε
(
(i ε)2
4(1− z1)(1− z2)
)
ˆφ I,(i)d (ε) ,(27)
where
ˆφ I,(i)d (ε) =
1
iε
[
K I,(i)d (ε)+G
I,(i)
d (ε)
]
. (28)
The above solutions for ΦId satisfy the fact that ∆svd,I are finite as ε→ 0 (see eqn.(9)). The constants
K I,(i)d (ε) are determined by expanding K
I
d in powers of the bare coupling constant aˆs as follows
KId
(
aˆs,
µ2R
µ2
,z1,z2,ε
)
= δ(1− z1)δ(1− z2)
∞
∑
i=1
aˆis
(
µ2R
µ2
)iε2
Siε K
I,(i)
d (ε) , (29)
and solving the RG equation for KId
(
aˆs,µ2R/µ
2,z1,z2,ε
)
. The constants K I,(i)d (ε) are identical
to K I,(i)(ε) given in [43]. The constants G I,(i)d (ε) are related to the finite boundary functions
GId(as(q2),1,z1,z2,ε). We define the G
I
d,i(ε) through the relation
∞
∑
i=1
aˆis
(
q2(1− z1)(1− z2)
µ2
)iε2
SiεG
I,(i)
d (ε) =
∞
∑
i=1
ais
(
q2(1− z1)(1− z2)
)
G
I
d,i(ε) (30)
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The z1,z2 independent constants G
I
d,i(ε) are obtained by demanding the finiteness of ∆svd,I given
in eqn.(8). Without setting ε = 0 in eqn.(8), we expand ∆svd,I as
∆svd,I(z1,z2,q2,µ2R,µ2F ,ε) =
∞
∑
i=0
ais(µ
2
R)∆
sv,(i)
d,I (z1,z2,q
2,µ2R,µ
2
F ,ε) . (31)
Using the above expansion and eqn.(9) we determine these constants by comparing the pole as well
as non-pole terms of the form factors, the mass factorisation kernels and the coefficient functions
∆sv,(i−1)d,I expanded in powers of ε to the desired accuracy. Since the G Id (ε) in the form factors are
found to satisfy a specific structure in terms of f I ,βi [43], we find that the constants G Id,i(ε) also
satisfy the following expansions containing these constants.
G
I
d,1(ε) = − f I1 +
∞
∑
k=1
εkG
I,(k)
d,1 ,
G
I
d,2(ε) = − f I2 −2β0G I,(1)d,1 +
∞
∑
k=1
εkG
I,(k)
d,2 ,
G
I
d,3(ε) = − f I3 −2β1G I,(1)d,1 −2β0
(
G
I,(1)
d,2 +2β0G I,(2)d,1
)
+
∞
∑
k=1
εkG
I,(k)
d,3 ,
G
I
d,4(ε) = − f I4 −2β2G I,(1)d,1 −2β1
(
G
I,(1)
d,2 +4β0G I,(2)d,1
)
,
−2β0
(
G
I,(1)
d,3 +2β0G I,(2)d,2 +4β20G I,(3)d,1
)
+
∞
∑
k=1
εkG
I,(k)
d,4 . (32)
Now that we have a better understanding [27] of the structure of even the single pole terms
of the form factors, we can predict all the poles including the single pole of the soft distribution
function from those of the form factors, the renormalisation constants and the mass factorisation
kernels. The coefficients of the single poles are proportional to the constants − f Ii which are not
only process independent but also maximally non-abelian. The ε dependent terms in G Id (ε) can
be obtained from the fixed order (in as) computations of cross sections and the finite parts of the
form factors. At the moment, we know G Id,1(ε) to all orders in ε, G
I
d,2(ε) to order ε and G
I
d,3(ε)
to order ε0. The lowest order term G Id,1(ε) is known to all orders in ε from the exact fixed-order
soft contribution at order as. The next-to-leading order in as (lowest order) computations of the
total cross sections for DY and Higgs production determine the constants G Id,1(ε) and the results
reveal that they are maximally non-abelian to all orders in ε. One can similarly determine the ε
dependent parts of soft cross sections beyond the order as. The easier method is to use total cross
sections that are known upto NNLO level. We can easily extract G Id,2(ε) upto order ε by using the
fact that these constants are independent of z j ( j = 1,2) and the differential cross sections satisfy
the relations∫ 1
0
dx01
∫ 1
0
dx02
(
x01x
0
2
)N−1
(x01 + x
0
2)
dσI
dxF
=
∫ 1
0
dx01
∫ 1
0
dx02
(
x01x
0
2
)N−1 dσI
dY =
∫ 1
0
dτ τN−1 σI , (33)
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while the σI are known for both DY and Higgs production upto NNLO level [17–27]. An alterna-
tive method is to take N → ∞ on both sides of eqn.(33). In this limit, we find the following useful
relation between the constants ˆφI,(i)d (ε) that appear in eqn.(27) and ˆφI,(i)(ε) that contribute to the
soft distribution function of the total cross section:
ˆφI,(i)d (ε) =
Γ(1+ i ε)
Γ2
(
1+ iε2
) ˆφI,(i)(ε). (34)
Both the methods give
G
I,(1)
d,1 = CI
(
−ζ2
)
,
G
I,(2)
d,1 = CI
(
1
3ζ3
)
,
G
I,(3)
d,1 = CI
(
1
80ζ
2
2
)
,
G
I,(1)
d,2 = CICA
(
2428
81
− 67
3
ζ2−4ζ22− 443 ζ3
)
+CIn f
(
− 32881 +
10
3 ζ2 +
8
3ζ3
)
, (35)
where CI =CF for I = q,b and CI =CA for I = g. Interestingly these constants G
I
d,i(ε) turn out to
be maximally non-abelian. That is, they satisfy
G
q
d,i(ε) = G
b
d,i(ε) =
CF
CA
G
g
d,i(ε) . (36)
This implies that the soft distribution functions for the differential cross sections satisfy
Φ qd
(
aˆs,q2,µ2,z1,z2,ε
)
= Φ bd
(
aˆs,q2,µ2,z1,z2,ε
)
=
CF
CA
Φ gd
(
aˆs,q2,µ2,z1,z2,ε
)
, (37)
upto order a2s , similar to the soft distributions that appear in the total cross sections. We expect
that this property will hold to all orders in perturbation theory because of the fact that it originates
entirely from the soft part of the differential cross sections.
The threshold corrections dominate when the partonic scaling variables z1 and z2 approach
their kinematic limit, which is unity, through the distributions δ(1− z j) and Di(z j) with j = 1,2.
Resummations of threshold enhanced contributions are usually done in Mellin N space which has
been a successful approach. See [28, 29, 60, 61] for resummation of total cross sections. We show
in the following how the soft distribution functions ΦId(aˆs,q2,µ2,z1,z2,ε) capture all the features
of the N space resummation approach. The exponents of the z j (with j = 1,2) space resummed
cross sections get contributions from the form factors through δ(1− z1)δ(1− z2) terms and from
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the soft distribution functions through δ(1− z j) as well as the distributions Di(z j). We can rewrite
the soft distribution function as
Φ Id (aˆs,q2,µ2,z1,z2,ε) =
1
2
δ(1− z2)
(
1
1− z1
{∫ q2(1−z1)
µ2R
dλ2
λ2 AI
(
as(λ2)
)
+G Id
(
as
(
q2(1− z1)
)
,ε
)})
+
+q2
d
dq2
[(
1
4(1− z1)(1− z2)
{∫ q2(1−z1)(1−z2)
µ2R
dλ2
λ2 A
I (as(λ2))
+GId
(
as
(
q2(1− z1)(1− z2)
)
,ε
)})
+
]
+
1
2
δ(1− z1)δ(1− z2)
∞
∑
i=1
aˆis
(
q2
µ2
)iε2
Siε ˆφ I,(i)d (ε)
+
1
2
δ(1− z2)
(
1
1− z1
)
+
∞
∑
i=1
aˆis
(
µ2R
µ2
)iε2
Siε K
I,(i)
(ε)
+(z1 ↔ z2) , (38)
where
G Id
(
as
(
q2g(z1,z2)
)
,ε
)
=
∞
∑
i=1
aˆis
(
q2g(z1,z2)
µ2
)iε2
SiεG
I,(i)
d (ε) . (39)
The third term in eqn.(38) contains the correct poles in ε to cancel those coming from the form
factors as well as the δ(1− z j) parts of the mass factorisation kernels. The fourth term contains
only poles that cancel against the D0(z j) parts of the mass factorisation kernels. The remaining
finite terms as ε becomes zero in the first three terms contribute to the soft-plus-virtual parts of
the differential cross sections. Hence, adding the eqn.(38) to the renormalised form factors and
the mass factorisation kernels, performing the coupling constant renormalisation, and then finally
taking the double Mellin moment in N1,N2, we get the resummed result analogous to the threshold
resummation formula that one obtains for the total inclusive cross sections(see [28, 29, 60, 61])
when ε→ 0. A similar result for the resummed rapidity distribution scheme can be found in [29].
In the double Mellin space (N1,N2) the threshold enhanced differential cross section will be
proportional to
exp
[
2
∫ 1
0
dz1zN1−11
∫ 1
0
dz2zN2−12 Φ
I
d,finite(aˆs,q
2,µ2,z1,z2)
]
. (40)
Similar to the soft distribution functions Φ IP(aˆs,q2,µ2,z,ε) that enter in DY and Higgs produc-
tion [42], the present Φ Id (aˆs,q2,µ2,z1,z2,ε) are also maximally non-abelian. Using the resummed
11
result given in eqn.(8), and the exponents g Ii (ε)(see [35]), G
I
d,i(ε), we can obtain the higher order
soft-plus-virtual contributions to the differential cross sections. The available exponents are
g I, j1 , G
I,( j)
d,1 for j = all ,
g I, j2 , G
I,( j)
d,2 for j = 0,1 ,
g I, j3 , G
I,( j)
d,3 for j = 0 ,
in addition to the known βi (i = 0,1,2,3), the constants in the splitting functions AIi , BIi (i =
1,2,3), the maximally non-abelian constants f Ii (i = 1,2,3) and the anomalous dimensions γbi (i =
0,1,2,3). For I = q,g, the constants gq, j2 and g
g, j
2 are known for j = 2,3 also (see [34]). Using the
resummed expression given in eqn.(8) and the known exponents, we present here the results for
∆sv,(i)d,I for DY and Higgs production. Using our approach we have first reproduced the Drell-Yan
coefficient ∆sv,(i)d,q , known upto NNLO (i = 0,1,2) [50]. We then obtain ∆
sv,(i)
d,g and ∆
sv,(i)
d,b for the
Higgs production upto NNLO (i = 1,2). For N3LO for I = q,b,g, a partial result ∆sv,(3)d,I , i.e., a
result without the δ(1− z1)δ(1− z2) part can be computed from our formula given in eqn.(8). The
coefficient of δ(1− z1)δ(1− z2) part depends on still unknown constants G I,(2)2 ,gI,13 ,G
I,(1)
3 . We
can also obtain a result to N4LO order where we can predict partial soft-plus-virtual contributions
containing everything except the terms in D0(zi)δ(1−z j),D0(zi)D0(z j),D1(zi)δ(1−z j) and δ(1−
z1)δ(1−z2) for the Drell-Yan N4LO coefficient ∆sv,(4)d,q , the gluon fusion to Higgs N4LO coefficient
∆sv,(4)d,g and the bottom quark annihilation to Higgs boson N4LO coefficient ∆
sv,(4)
d,b . The results are
presented in the Appendix B for µ2R = µ2F = q2. The convolutions of distributions of the form
Dl(z j)⊗Dm(z j) for any arbitrary l,m can be done using the general formula given in [43]. Using
these convolutions it is straightforward to calculate ∆sv,(i)d,I for i = 1, ...,4 for both DY (I = q) and
Higgs (I = g,b) production. An alternative derivation of the NNLO DY soft-plus-virtual terms in
the DIS renormalisation scheme can be found in [62], where they calculated di-lepton production
cross sections at fixed target energies.
The differential cross sections for I = q can be expanded in powers of the strong coupling
constant as
dσI
dY =
∞
∑
i=0
ais
dσI,(i)
dY . (41)
We split the partonic cross section into hard and sv parts:
dσI,(i)
dY =
dσhard,I,(i)
dY +
dσsv,I,(i)
dY . (42)
2S d
2σhard,q,(i)
dq2dY = ∑q GSM,q
(
DSM,(i)qq (x01,x
0
2,µ
2
F)+D
SM,(i)
qg (x01,x
0
2,µ
2
F)
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Figure 1: Rapidity distributions for DY production at the LHC, and their µR scale dependence(with
µ2F = q
2 = M2l+l−). Here we denote M = Ml+l− . The abbreviation "pSV" means partial-soft-plus-
virtual.
+DSM,(i)gq (x01,x
0
2,µ
2
F)
)
2S dσ
hard,g,(i)
dY = GHD
H,(i)
gg (x
0
1,x
0
2,µ
2
F)+∑
q
GH
(
DH,(i)qg (x01,x
0
2,µ
2
F)
+DH,(i)gq (x01,x
0
2,µ
2
F)+D
H,(i)
qq (x
0
1,x
0
2,µ
2
F)
)
(43)
The SM coefficients DSM,(i)ab (x
0
1,x
0
2,µ
2
F) can be found in [50, 51], and the D
H,(i)
ab (x
0
1,x
0
2,µ
2
F) for
the Higgs are given in Appendix A. The soft-plus-virtual part of the DY partonic cross section can
be expressed as
2S d
2σsv,q,(i)
dq2dY = ∑
a,b=q,q
GSM,q
∫ 1
0
dx1
∫ 1
0
dx1 H qab(x1,x2,µ
2
F)
×
∫ 1
0
dz1
∫ 1
0
dz2 δ(x01− x1z1) δ(x02− x2z2) ∆sv,(i)Y,q (z1,z2,q2,µ2F ,µ2R) , (44)
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Figure 2: Rapidity distributions for Higgs production through gluon fusion at LHC, and their µR
scale dependence for the Higgs boson of mass mH = 115 GeV with µF = mH .
and for the Higgs partonic cross section we have
2S dσ
sv,g,(i)
dY = GH
∫ 1
0
dx1
∫ 1
0
dx2 H ggg(x1,x2,µ2F)
×
∫ 1
0
dz1
∫ 1
0
dz2 δ(x01− x1z1) δ(x02− x2z2) ∆sv,(i)Y,g (z1,z2,m2H ,µ2F ,µ2R) . (45)
The coefficients ∆sv,(i)Y,ab (z1,z2,q
2,µ2F ,µ
2
R) are presented in the Appendix B, where we use the nor-
malisation ∆sv,(0)Y,ab (z1,z2,q
2,µ2F ,µ
2
R) = δ(1− z1)δ(1− z2). The constants GSM,q,GH are given by
GSM,q =
4α2
3q2
[
Q2q−
2q2(q2−M2Z)(
(q2−M2Z)2 +M2ZΓ2Z
)
c2ws
2
w
QqgVe gVq
+
q4(
(q2−M2Z)2 +M2ZΓ2Z
)
c4ws
4
w
(
(gVe )
2 +(gAe )
2
)(
(gVq )
2 +(gAq )
2
)]
,
(46)
GH =
pim2HG2B
4(N2−1) . (47)
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The xF differential cross sections can be obtained from the Y differential cross sections by replacing
DI,(i)ab (x
0
1,x
0
2,µ
2
F) by C
I,(i)
ab (x
0
1,x
0
2,µ
2
F). For the sv part we identify ∆
sv,(i)
Y,I = (x
0
1 + x
0
2)
−1∆sv,(i)xF ,I with
the replacement of DI,(i)ab (x01,x02,µ2F) by C
I,(i)
ab (x
0
1,x
0
2,µ
2
F) in the right-hand-side. The electro-weak
constants appearing in eqns.(46,47) can be found in [25, 51].
For our numerical results we choose the center-of-mass energy to be
√
S =14 TeV for the LHC.
The standard model parameters that enter our computation are the Fermi constant GF = 4541.68
pb, the Z boson mass MZ = 91.1876 GeV and top quark mass mt = 173.4 GeV. The strong coupling
constant αs(µ2R) is evolved using the 4-loop RG equations depending on the order in which the cross
section is evaluated. We choose αLOs (MZ) = 0.130, αNLOs (MZ) = 0.119, αNNLOs (MZ) = 0.115 and
αN
iLO
s (MZ)= 0.114 for i> 2. We use MRST 2001 LO for leading order, MRST2001 NLO for NLO
and MRST 2002 NNLO for NiLO with i > 1 [63, 64]. The impact of the soft-plus-virtual N2LO
and the partial soft-plus-virtual N3LO contributions to the DY rapidity differential cross section
at the LHC is presented in figure 1. Note that we have not plotted the partial soft-plus-virtual
N4LO contributions because there are no N3LO parton densities. In the first plot we have shown
the rapidity distribution in pb/GeV for a di-lepton mass of 115 GeV. For LO and NLO, we used
the exact results which contain both the soft-plus-virtual as well as the regular hard contributions.
For NiLO (i = 2,3), we use only the soft-plus-virtual results extracted from the resummed formula.
Here we have set µF = µR = 115 GeV. We find that the inclusion of NiLO (i= 2,3) terms only make
small changes in the differential cross section which confirms the reliability of the perturbative
approach.
In the second plot of fig.1 we have shown the scale variation of the rapidity distribution using
the ratio:
RI
(
µ2R
)
=
(
dσI
dx
(
µ2R = q
2))−1 dσI
dx
(
µ2R
)
, (48)
plotted as a function of µ/µ0 = µR/|q|, where we have fixed µ2F = q2. It is clear from the second
plot of fig.1 that the inclusion of NiLO (i = 2,3) soft-plus-virtual contributions further reduces the
scale ambiguity.
The impact of soft-plus-virtual parts N2LO and the partial soft-plus-virtual N3LO contributions
to Higgs production through gluon fusion at the LHC is presented in figure 2. We see that the
inclusion of the higher order terms does not make any appreciable change in the magnitude of the
rapidity distribution. Again this confirms the reliability of the perturbation series. The second plot
in figure 2 shows R in eqn.48 as a function of µ/µ0 = µR/mH , where we have fixed µ2F = m2H , and
demonstrates that the inclusion of the higher order terms reduces the sensitivity to the choice of
the scale.
We also present the numerical values of the rapidity distributions in figures 1 and 2 in Tables
1 and 2 respectively. These numbers allow a more direct comparison with other theoretical papers
and are useful to the experimental groups working at the LHC.
Previous calculations of differential distributions in NLO using the effective Lagrangian (or
the mt → ∞ approach) have been presented in [65]- [69]. In the same approach the resummation
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Y LO NLO N2LOSV N3LOpSV
0. 0.1326 0.1735 0.1734 0.1732
0.4 0.1327 0.1733 0.1732 0.1729
0.8 0.1330 0.1729 0.1725 0.1722
1.2 0.1335 0.1721 0.1714 0.1711
1.6 0.1343 0.1707 0.1698 0.1695
2. 0.1346 0.1678 0.1670 0.1667
2.4 0.1328 0.1614 0.1610 0.1607
2.8 0.1273 0.1483 0.1485 0.1482
3.2 0.1123 0.1240 0.1244 0.1241
3.6 0.0832 0.0858 0.0857 0.0855
Table 1: Values for d2σ/dMdY (M=115 GeV) in pb/GeV at fixed values of Y which are plotted in
figure 1.
Y LO NLO N2LOSV N3LOpSV
0. 4.366 7.236 7.765 7.848
0.4 4.294 7.106 7.632 7.713
0.8 4.084 6.722 7.236 7.313
1.2 3.731 6.091 6.585 6.655
1.6 3.278 5.264 5.724 5.784
2. 2.715 4.265 4.675 4.724
2.4 2.068 3.173 3.512 3.549
2.8 1.410 2.087 2.337 2.361
3.2 0.779 1.135 1.285 1.298
3.6 0.300 0.448 0.511 0.516
Table 2: Values for dσ/dY (for MH = 115 GeV) in pb/GeV at fixed values of Y which are plotted
in figure 2.
Y LO NLO N2LOSV N3LOpSV
0. 4.085 6.791 7.293 7.370
0.4 4.016 6.668 7.166 7.241
0.8 3.815 6.298 6.785 6.856
1.2 3.477 5.693 6.161 6.225
1.6 3.042 4.899 5.334 5.389
2. 2.505 3.944 4.330 4.375
2.4 1.888 2.906 3.223 3.256
2.8 1.266 1.883 2.112 2.133
3.2 0.680 0.997 1.131 1.143
3.6 0.250 0.376 0.429 0.434
Table 3: Values for dσ/dY (for MH = 120 GeV) in pb/GeV at fixed values of Y .
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of the logarithmically enhanced contributions have been carried out in [70] - [73]. Our results
agree exactly with the DY NLO results for rapidity distributions in [19]. We cannot compare the
NLO Higgs rapidity plots directly with those in [66] because there we used mH = 120 GeV and
we had to impose a cut on the Higgs pt . However we have rerun our programs with mH = 120
GeV to allow a better comparison with both the results in [66]. The number for the Higgs rapidity
distribution are given in Table 3. Our numbers are also consistent with the normalized Higgs boson
rapidity distribution in fig. 1 in [69]. These checks indicate that everything is consistent with the
NLO results.
We have compared our results for the Drell-Yan and Higgs rapidity distributions against the
NNLO results published in [71, 72]. Our soft-plus-virtual NNLO approximations agree very well
with their exact NNLO results. Our partial soft-plus-virtual N3LO results are new and cannot be
compared with any other calculation.
To summarise, we have systematically studied the soft-plus-virtual corrections to differential
cross sections in rapidity for DY and Higgs production through both gluon fusion and bottom
quark annihilation. The resummation of these corrections has been achieved using renormalisation
group invariance, Sudakov resummation of scattering amplitudes and the factorisation property of
the hard scattering cross sections. Our analytical results are presented in Appendices A and B.
It is now straightforward to obtain resummed threshold contributions to both xF and Y rapidity
distributions of di-lepton pairs in the DY process and of Higgs bosons in Higgs productions. This
requires a double Mellin transform in the space of two variables N1 and N2, see eqn.(40). Using
our resummed results we have computed soft-plus-virtual differential cross sections at N2LO and
partial-soft-plus-virtual differential cross sections in N3LO. Finally we have presented the numer-
ical impact of these results on the rapidity differential cross sections.
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hospitality. The work of J. Smith has been partially supported by the National Science Foundation,
grant PHY-0098527. We all acknowledge support from the FOM under Grant No. L0102M and
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A Hart parts
In this appendix, we list the CH,(i)ab (x01,x02) and D
H,(i)
ab (x
0
1,x
0
2) that contribute to the hard parts of the
cross sections. We start by defining the following parton density combinations
Hqq(x1,x2,µ2F) = f P1q (x1,µ2F) f P2q (x2,µ2F)+ f P1q (x1,µ2F) f P2q (x2,µ2F) ,
Hgq(x1,x2,µ2F) = f P1g (x1,µ2F)
(
f P2q (x2,µ2F)+ f P2q (x2,µ2F)
)
,
Hqg(x1,x2,µ2F) = Hgq(x2,x1,µ2F) ,
Hgg(x1,x2,µ2F) = f P1g (x1,µ2F) f P2g (x2,µ2F) . (1)
In terms of these combinations, we list the CH,(i)ab (x01,x02) that appear in the hard parts of the xF -
differential cross sections
CH,(0)gg (x01,x02) = Hgg(x01,x02,µ
2
F) ,
CH,(1)gg (x01,x02) = CA
{∫ 1
x01
dx1
Hgg(x1,x02,µ
2
F)
(x01 + x
0
2)
[(
−4 x
0
1
2
x31
+4
x01
x21
− 8
x1
+
4
x01
)
La1
+
4
(x1− x01)
Lc1
]
+
∫ 1
x01
dx1
Hgg,1(x1,x02,µ
2
F)
(x1− x01)(x01 + x02)
[
4Lb1
]
+
∫ 1
x01
dx1
∫ 1
x02
dx2
Hgg,1(x1,x2,µ2F)
(x1− x01)(x01 + x02)
[
−4 x
0
2
2
x32
+4
x02
x22
− 8
x2
+
4
x02
]
+
∫
x01
dx1
∫ 1
x02
dx2
2Hgg,12(x1,x2,µ2F)
(x1− x01)(x2− x02)(x01 + x02)
+
Hgg(x01,x
0
2,µ
2
F)
(x01 + x
0
2)
[
2L(x01,x02) log
(
q2
µ2F
)
+
(
L(x01,x
0
2)
)2
+6ζ2
]
+
∫ 1
x01
dx1
∫ 1
x02
dx2
Hgg(x1,x2,µ2F)
(x1 + x2)3(x1 + x02)(x2+ x
0
1)(x
0
1 + x
0
2)
[
1
x31
(
4x32x01
2
x02
+4x22(x01
3
x02 + x
0
1
2
x02
2
)+4x2(x01
3
x02
2
+ x01
2
x02
3
)
)
+
1
x21
(
4x32(x01
2− x01x02)
+x22(4x01
3
+12x01
2
x02−4x01x02
2
)+ x2(16x01
3
x02 +12x01
2
x02
2−4x01x02
3
)
+8(x01
3
x02
2
+ x01
2
x02
3
)
)
+
1
x1
(
x32(8x02−4x01)+ x22(8x02
2
+8x01
2−8x01x02)
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+x2(8x02
3
+12x01
3
+8x01
2
x02−8x01x02
2
)+
1
2x2
(12x01
3
x02
2
+12x01
2
x02
3
)
+12x01
3
x02 +20x01
2
x02
2
+8x01x02
3
)
+ x41
(
4
x02
)
+ x31
(
12−8x
0
1
x02
)
+x21
(
24x01 +4
x01
2
x02
−4x02
)
+ x1
(
8x01x02 +36x01
2−4x
0
1
3
x02
+ x2
(
−4x
0
2
2
x01
+20x01−4
x01
2
x02
+20x02
)
+ x22
(
−8x
0
2
x01
−12x
0
1
x02
+40
)
+ x32
(
4
x01
− 4
x02
))
+10x01x02
2
+10x01
2
x02 +2x01
3
+2x02
3
]}
+(1↔ 2) ,
CH,(1)qg (x01,x02) = CF
{∫ 1
x01
dx1
Hqg(x1,x02,µ
2
F)
(x01 + x
0
2)
[(
2x01
x21
− 4
x1
+
4
x01
)
La1 +2
x01
x21
]
+
∫ 1
x01
dx1
∫ 1
x02
dx2
Hqg,2(x1,x2,µ2F)
(x2− x02)(x01 + x02)
[
2x01
x21
− 4
x1
+
4
x01
]
+
∫ 1
x01
dx1
∫ 1
x02
dx2Hqg(x1,x2,µ2F)
[
1
(x01 + x
0
2)(x2 + x
0
1)
(
2x02
x21
+
4
x1
+
4
x02
)
− 2
x21x2
+
4
x1x22
+
1
(x1 + x2)2
(
− x1
x01x
0
2
+
x2
x01x
0
2
− 2
x2
+
2
x01x
0
2
(x01− x02)
)
+
1
(x1 + x2)
(
− 4
x22
− 3
x01x
0
2
)]}
,
CH,(1)gq (x01,x02) = C
H,(1)
qg (x
0
1,x
0
2)
∣∣∣∣
1↔2
,
CH,(1)qq (x01,x02) = C
2
F
{∫ 1
x01
dx1
∫ 1
x02
dx2
Hqq(x1,x2,µ2F)
(x01 + x
0
2)
[
1
(x1 + x2)3
(
1
x21
(4x01x02
2
+4x01
2
x02)
+
1
x1
(8x01
2−8x02
2
)+ x1x2
(
− 2
x01
− 2
x02
)
+ x1
(
8
x02
x01
−8x
0
1
x02
)
+ x21
(
2
x01
+
2
x02
)
+4
x02
2
x01
−12x01 +4
x01
2
x02
−12x02
)
+
1
(x1 + x2)
(
1
x01
+
1
x02
)]}
+(1↔ 2) . (2)
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We have introduced the following abbreviations
Hab,12(x1,x2,µ2F) = Hab(x1,x2,µ2F)−Hab(x01,x2,µ2F)−Hab(x1,x02,µ2F)
+Hab(x01,x
0
2,µ
2
F) ,
Hab,1(x1,z,µ2F) = Hab(x1,z,µ2F)−Hab(x01,z,µ2F) ,
Hab,2(z,x2,µ2F) = Hab(z,x2,µ
2
F)−Hab(z,x02,µ2F) , (3)
La1 = ln
(
q2(x01 + x
0
2)(1− x02)(x1− x01)
µ2F(x1 + x
0
2)x
0
1x
0
2
)
, Lb1 = ln
(
q2(1− x02)(x1− x01)
µ2Fx
0
1x
0
2
)
,
Lc1 = ln
(
x01 + x
0
2
x1 + x
0
2
)
, L(x01,x
0
2) = ln
(
(1− x01)(1− x02)
x01x
0
2
)
. (4)
The DH,(i)ab (x
0
1,x
0
2) that appear in the hard parts of the rapidity distributions are listed below
DH,(0)gg (x01,x
0
2) = Hgg(x
0
1,x
0
2,µ
2
F) ,
DH,(1)gg (x01,x
0
2) = CA
{∫ 1
x01
dx1 Hgg(x1,x02,µ
2
F)
[(
−4x
0
1
2
x31
+4
x01
x21
− 8
x1
+
4
x01
)
Ka1
+
4
(x1− x01)
Kc1
]
+
∫ 1
x01
dx1
Hgg,1(x1,x02,µ
2
F)
(x1− x01)
[
4Kb1
]
+
∫ 1
x01
dx1
∫ 1
x02
dx2
Hgg,1(x1,x2,µ2F)
(x1− x01)
[
−4x
0
2
2
x32
+4
x02
x22
− 8
x2
+
4
x02
]
+
∫ 1
x01
dx1
∫ 1
x02
dx2
2Hgg,12(x1,x2,µ2F)
(x1− x01)(x2− x02)
+Hgg(x01,x
0
2,µ
2
F)
[
2K (x01,x02) log
(
q2
µ2F
)
+6ζ2 +(K (x01,x02))2
]
+
∫ 1
x01
dx1
∫ 1
x02
dx2
Hgg(x1,x2,µ2F)
(x1 + x
0
1)(x2 + x
0
2)(x1x
0
2 + x
0
1x2)
4
[
1
x31
(
4x42x01
7
+8x32x01
7
x02
+8x22x01
7
x02
2
+8x2x01
7
x02
3
)
+
1
x21
(
16x01
6
x02
4
+16x32x01
6
x02 +32x
2
2x
0
1
6
x02
2
+24x2x01
6
x02
3
)
+
1
x1
(
40x01
5
x02
4
+4x42x01
5
+8x32x01
5
x02 +32x
2
2x
0
1
5
x02
2
20
+48x2x01
5
x02
3
+
12
x2
x01
5
x02
5
)
+ x51
(
4
x02
4
x01
)
+ x41
(
4x02
4
)
+ x31
(
12x32x01x02
+28x01x02
4
)
+ x21
(
48x01
2
x02
4
+16x42x01
2
+20x22x01
2
x02
2
+88x2x01
2
x02
3
)
+x1
(
68x01
3
x02
4
+
8x52x01
3
x02
+4x42x01
3
+8x32x01
3
x02 +64x2x01
3
x02
3
)
+40x01
4
x02
4
]}
+(1↔ 2) ,
DH,(1)qg (x01,x
0
2) = CF
{∫ 1
x01
dx1 Hqg(x1,x02,µ
2
F)
[(
2x01
x21
− 4
x1
+
4
x01
)
Ka1 +
2x01
x21
]
+
∫ 1
x01
dx1
∫ 1
x02
dx2
Hqg,2(x1,x2,µ2F)
(x2− x02)
[
2x01
x21
− 4
x1
+
4
x01
]
+
∫ 1
x01
dx1
∫ 1
x02
dx2
Hqg(x1,x2,µ2F)
(x1 + x
0
1)(x2 + x
0
2)(x1x
0
2 + x
0
1x2)
3
[
1
x21
(
−2x32x01
5
−4x22x01
5
x02−4x2x01
5
x02
2
)
+
1
x1
(
2x32x01
4−2x22x01
4
x02−4x2x01
4
x02
2
)
+x1
(
6x2x01
2
x02
2
+2x01
2
x02
3
)
+ x21
(
−12x2x01x02
2
+4x32x01−2x01x02
3
)
+x31
(
4x2x02
2
+8x22x02
)
+ x41
(
8
x2x
0
2
2
x01
+4
x02
3
x01
)
+14x2x01
3
x02
2
+10x22x01
3
x02
]}
,
DH,(1)gq (x01,x
0
2) = D
H,(1)
qg (x
0
1,x
0
2)
∣∣∣∣
1↔2
,
DH,(1)qq (x01,x
0
2) = C
2
F
{∫ 1
x01
dx1
∫ 1
x02
dx2
Hqq(x1,x2,µ2F)
(x1 + x
0
1)(x2+ x
0
2)(x1x
0
2 + x
0
1x2)
4
[
1
x21
(
8x2x01
6
x02
3
+8x01
6
x02
4
)
+
1
x1
(
16x2x01
5
x02
3
+8x22x01
5
x02
2
+8x01
5
x02
4
)
+ x1
(
−32x2x01
3
x02
3
21
−24x22x01
3
x02
2
+16x32x01
3
x02 +8x
4
2x
0
1
3−24x01
3
x02
4
)
+ x21
(
−16x22x01
2
x02
2
+8x32x01
2
x02 +8x
4
2x
0
1
2
+16x01
2
x02
4
)
+ x31
(
8x01x02
4
)
−16x01
4
x02
4
]}
+(1↔ 2) , (5)
where we have introduced the following abbreviations
Ka1 = ln
(
2q2(1− x02)(x1− x01)
µ2F(x1 + x
0
1)x
0
2
)
, Kb1 = ln
(
q2(1− x02)(x1− x01)
µ2Fx
0
1x
0
2
)
,
Kc1 = ln
(
2x01
x1 + x
0
1
)
, K (x01,x
0
2) = ln
(
(1− x01)(1− x02)
x01x
0
2
)
. (6)
The Ka2 , Kb2 and Kc2 can be obtained from Ka1 , Kb1 and Kc1 by using 1↔ 2 symmetry.
B Soft-plus-virtual parts
Here we list below the ∆sv,(i)Y,a that contribute to the soft-plus-virtual parts of the cross sections for
the choice µ2R = µ2F = q2.
∆sv,(1)Y,q = δ(1− z1)δ(1− z2)
[
CF
(
−8+6 ζ2
)]
+D0D0
[
CF
(
2
)]
+D1δ(1− z1)
[
CF
(
4
)]
+(z1 ↔ z2) ,
∆sv,(2)Y,q = δ(1− z1)δ(1− z2)
[
n fCF
(
127
12
− 769 ζ2 +
4
3 ζ3
)
+CFCA
(
− 1535
24
+
430
9 ζ2−
26
5 ζ
2
2 +
86
3 ζ3
)
+C2F
(
511
8 −67 ζ2 +
152
5 ζ
2
2−30 ζ3
)]
+D0D0
[
n fCF
(
− 209
)
+CFCA
(
134
9 −4 ζ2
)
+C2F
(
−32+8 ζ2
)]
+D0D1
[
n fCF
(
8
3
)
+CFCA
(
− 443
)]
+D0D2
[
C2F
(
24
)]
+D1D1
[
C2F
(
24
)]
+D0δ(1− z1)
[
n fCF
(
112
27
− 83 ζ2
)
+CFCA
(
− 808
27
+
44
3 ζ2 +28 ζ3
)
+C2F
(
32 ζ3
)]
+D1δ(1− z1)
[
n fCF
(
− 409
)
+CFCA
(
268
9 −8 ζ2
)
+C2F
(
−64+16 ζ2
)]
+D2δ(1− z1)
[
n fCF
(
4
3
)
+CFCA
(
− 223
)]
+D3δ(1− z1)
[
C2F
(
8
)]
22
+(z1 ↔ z2) ,
∆sv,(3)Y,q = D0D0
[
n fCFCA
(
− 410281 +
256
9 ζ2
)
+n f C2F
(
536
9 −
224
9 ζ2 +
160
3 ζ3
)
+n2fCF
(
200
81 −
16
9 ζ2
)
+CFC2A
(
15503
81 −
340
3 ζ2 +
88
5 ζ
2
2−88 ζ3
)
+C2FCA
(
− 8893
18 +
1760
9 ζ2−
24
5 ζ
2
2−
184
3 ζ3
)
+C3F
(
511
2
−12 ζ2
−965 ζ
2
2−120 ζ3
)]
+D0D1
[
n fCFCA
(
2312
27
− 323 ζ2
)
+n fC2F
(
136
9
−64 ζ2
)
+n2fCF
(
− 160
27
)
+CFC2A
(
− 7120
27
+
176
3 ζ2
)
+C2FCA
(
− 11209
+352 ζ2 +336 ζ3
)
+C3F
(
640 ζ3
)]
+D0D2
[
n fCFCA
(
− 1769
)
+n fC2F
(
− 1603
)
+n2fCF
(
16
9
)
+CFC2A
(
484
9
)
+C2FCA
(
1072
3 −96 ζ2
)
+C3F
(
−384−96 ζ2
)]
+D0D3
[
n fC2F
(
160
9
)
+C2FCA
(
− 8809
)]
+D0D4
[
C3F
(
40
)]
+D1D1
[
n fCFCA
(
− 1769
)
+n fC2F
(
− 160
3
)
+n2fCF
(
16
9
)
+CFC2A
(
484
9
)
+C2FCA
(
1072
3
−96 ζ2
)
+C3F
(
−384−96 ζ2
)]
+D1D2
[
n fC2F
(
160
3
)
+C2FCA
(
− 880
3
)]
+D1D3
[
C3F
(
160
)]
+D2D2
[
C3F
(
120
)]
+D0δ(1− z1)
[
n fCFCA
(
62626
729 −
7760
81 ζ2 +
208
15 ζ
2
2−
536
9 ζ3
)
+n fC2F
(
−3+ 1384
27
ζ2− 25615 ζ
2
2−
944
9 ζ3
)
+n2fCF
(
− 1856
729 +
160
27
ζ2
−32
27
ζ3
)
+CFC2A
(
− 297029
729 −
176
3 ζ2 ζ3 +
27752
81 ζ2−
616
15 ζ
2
2
+
14264
27
ζ3−192 ζ5
)
+C2FCA
(
12928
27
−16 ζ2 ζ3− 956827 ζ2 +
176
3 ζ
2
2
+
256
9 ζ3
)
+C3F
(
−128 ζ2 ζ3−512 ζ3 +384 ζ5
)]
+D1δ(1− z1)
[
n fCFCA
(
− 820481 +
512
9 ζ2
)
+n fC2F
(
1072
9 −
448
9 ζ2
+
320
3 ζ3
)
+n2fCF
(
400
81 −
32
9 ζ2
)
+CFC2A
(
31006
81 −
680
3 ζ2 +
176
5 ζ
2
2
−176 ζ3
)
+C2FCA
(
− 88939 +
3520
9 ζ2−
48
5 ζ
2
2−
368
3
ζ3
)
23
+C3F
(
511−24 ζ2− 1925 ζ
2
2−240 ζ3
)]
+D2δ(1− z1)
[
n fCFCA
(
1156
27
−16
3
ζ2
)
+n fC2F
(
68
9 −32 ζ2
)
+n2fCF
(
− 80
27
)
+CFC2A
(
− 3560
27
+
88
3
ζ2
)
+C2FCA
(
− 5609 +176 ζ2 +168 ζ3
)
+C3F
(
320 ζ3
)]
+D3δ(1− z1)
[
n fCFCA
(
− 176
27
)
+n fC2F
(
− 1609
)
+n2fCF
(
16
27
)
+CFC2A
(
484
27
)
+C2FCA
(
1072
9 −32 ζ2
)
+C3F
(
−128−32 ζ2
)]
+D4δ(1− z1)
[
n fC2F
(
40
9
)
+C2FCA
(
− 2209
)]
+D5δ(1− z1)
[
C3F
(
8
)]
+(z1 ↔ z2) ,
∆sv,(4)Y,q = D0D1
[
n fCFC2A
(
20554
9 −
10192
9 ζ2 +
352
5 ζ
2
2−352 ζ3
)
+n fC2FCA
(
84280
243
−264329 ζ2 +
1376
3
ζ22− 274249 ζ3
)
+n fC3F
(
518
3
+
7088
9 ζ2−
2176
15 ζ
2
2
−8096
3
ζ3
)
+n2fCFCA
(
− 7894
27
+
1376
9 ζ2
)
+n2fC2F
(
− 7436
243
+
5504
27
ζ2
+
640
3
ζ3
)
+n3fCF
(
800
81
− 649 ζ2
)
+CFC3A
(
− 412880
81
+
8024
3
ζ2
−19365 ζ
2
2 +1936 ζ3
)
+C2FC2A
(
− 356573
243 −1376 ζ2 ζ3 +
258784
27
ζ2
−31504
15 ζ
2
2 +
114592
9 ζ3−2304 ζ5
)
+C3FCA
(
34849
9 −5184 ζ2 ζ3
−454169 ζ2 +
5632
15 ζ
2
2 +
29392
3 ζ3
)
+C4F
(
−7680 ζ2 ζ3−10240 ζ3
+10752 ζ5
)]
+D0D2
[
n fCFC2A
(
− 73249 +
352
3 ζ2
)
+n f C2FCA
(
− 13398881
+
14144
9 ζ2 +
448
3 ζ3
)
+n f C3F
(
2764
3 +
704
3 ζ2 +
5696
3 ζ3
)
+n2fCFCA
(
1144
9 −
32
3 ζ2
)
+n2fC2F
(
7768
81 −
1024
9 ζ2
)
+n3fCF
(
− 160
27
)
+CFC3A
(
43648
27
− 9683 ζ2
)
+C2FC2A
(
481216
81 −
50272
9 ζ2 +
2592
5 ζ
2
2
−8800
3
ζ3
)
+C3FCA
(
− 26362
3
− 1376
3
ζ2 + 45125 ζ
2
2−
19808
3
ζ3
)
+C4F
(
3066+2928 ζ2− 49925 ζ
2
2−1440 ζ3
)]
+D0D3
[
n fCFC2A
(
968
9
)
24
+n fC2FCA
(
21920
27
− 320
3
ζ2
)
+n fC3F
(
− 1760
27
− 41609 ζ2
)
+n2fCFCA
(
− 1769
)
+n2fC2F
(
− 1600
27
)
+n3fCF
(
32
27
)
+CFC3A
(
− 5324
27
)
+C2FC2A
(
− 67120
27
+
1760
3
ζ2
)
+C3FCA
(
9920
27
+
22880
9 ζ2 +1120 ζ3
)
+C4F
(
8960
3
ζ3
)]
+D0D4
[
n fC2FCA
(
− 3520
27
)
+n fC3F
(
− 400
3
)
+n2fC2F
(
320
27
)
+C2FC2A
(
9680
27
)
+C3FCA
(
2680
3 −240 ζ2
)
+C4F
(
−640
−480 ζ2
)]
+D0D5
[
n fC3F
(
112
3
)
+C3FCA
(
− 6163
)]
+D0D6
[
C4F
(
112
3
)]
+D1D1
[
n fCFC2A
(
− 73249 +
352
3 ζ2
)
+n fC2FCA
(
− 13398881 +
14144
9 ζ2
+
448
3 ζ3
)
+n fC3F
(
2764
3 +
704
3 ζ2 +
5696
3 ζ3
)
+n2fCFCA
(
1144
9 −
32
3 ζ2
)
+n2fC2F
(
7768
81 −
1024
9 ζ2
)
+n3fCF
(
− 160
27
)
+CFC3A
(
43648
27
− 9683 ζ2
)
+C2FC2A
(
481216
81 −
50272
9 ζ2 +
2592
5 ζ
2
2−
8800
3 ζ3
)
+C3FCA
(
− 263623
−13763 ζ2 +
4512
5 ζ
2
2−
19808
3 ζ3
)
+C4F
(
3066+2928 ζ2− 49925 ζ
2
2
−1440 ζ3
)]
+D1D2
[
n fCFC2A
(
968
3
)
+n fC2FCA
(
21920
9 −320 ζ2
)
+n fC3F
(
− 17609 −
4160
3
ζ2
)
+n2fCFCA
(
− 176
3
)
+n2fC2F
(
− 16009
)
+n3fCF
(
32
9
)
+CFC3A
(
− 53249
)
+C2FC2A
(
− 671209 +1760 ζ2
)
+C3FCA
(
9920
9 +
22880
3
ζ2 +3360 ζ3
)
+C4F
(
8960 ζ3
)]
+D1D3
[
n fC2FCA
(
− 14080
27
)
+n fC3F
(
− 16003
)
+n2f C2F
(
1280
27
)
+C2FC2A
(
38720
27
)
+C3FCA
(
10720
3 −960 ζ2
)
+C4F
(
−2560−1920 ζ2
)]
+D1D4
[
n fC3F
(
560
3
)
+C3FCA
(
− 30803
)]
+D1D5
[
C4F
(
224
)]
+D2D2
[
n fC2FCA
(
− 35209
)
+n fC3F
(
−400
)
+n2fC2F
(
320
9
)
+C2FC2A
(
9680
9
)
+C3FCA
(
2680−720 ζ2
)
+C4F
(
−1920−1440 ζ2
)]
25
+D2D3
[
n fC3F
(
1120
3
)
+C3FCA
(
− 6160
3
)]
+D2D4
[
C4F
(
560
)]
+D3D3
[
C4F
(
1120
3
)]
+D2δ(1− z1)
[
n fCFC2A
(
10277
9 −
5096
9 ζ2 +
176
5 ζ
2
2
−176 ζ3
)
+n fC2FCA
(
42140
243
− 132169 ζ2 +
688
3
ζ22− 137129 ζ3
)
+n fC3F
(
259
3
+
3544
9 ζ2−
1088
15 ζ
2
2−
4048
3
ζ3
)
+n2fCFCA
(
− 3947
27
+
688
9 ζ2
)
+n2fC2F
(
− 3718
243 +
2752
27
ζ2 + 3203 ζ3
)
+n3fCF
(
400
81
−329 ζ2
)
+CFC3A
(
− 20644081 +
4012
3 ζ2−
968
5 ζ
2
2 +968 ζ3
)
+C2FC2A
(
− 356573
486 −688 ζ2 ζ3 +
129392
27
ζ2− 1575215 ζ
2
2 +
57296
9 ζ3
−1152 ζ5
)
+C3FCA
(
34849
18 −2592 ζ2 ζ3−
22708
9 ζ2 +
2816
15 ζ
2
2
+
14696
3 ζ3
)
+C4F
(
−3840 ζ2 ζ3−5120 ζ3 +5376 ζ5
)]
+D3δ(1− z1)
[
n fCFC2A
(
− 7324
27
+
352
9 ζ2
)
+n fC2FCA
(
− 133988
243
+
14144
27
ζ2 + 4489 ζ3
)
+n f C3F
(
2764
9 +
704
9 ζ2 +
5696
9 ζ3
)
+n2fCFCA
(
1144
27
− 329 ζ2
)
+n2fC2F
(
7768
243
− 1024
27
ζ2
)
+n3fCF
(
− 160
81
)
+CFC3A
(
43648
81
− 9689 ζ2
)
+C2FC2A
(
481216
243
− 50272
27
ζ2 + 8645 ζ
2
2
−88009 ζ3
)
+C3FCA
(
− 263629 −
1376
9 ζ2 +
1504
5 ζ
2
2−
19808
9 ζ3
)
+C4F
(
1022+976 ζ2− 16645 ζ
2
2−480 ζ3
)]
+D4δ(1− z1)
[
n fCFC2A
(
242
9
)
+n fC2FCA
(
5480
27
− 803 ζ2
)
+n fC3F
(
− 440
27
− 10409 ζ2
)
+n2fCFCA
(
− 449
)
+n2f C2F
(
− 400
27
)
+n3fCF
(
8
27
)
+CFC3A
(
− 1331
27
)
+C2FC2A
(
− 16780
27
+
440
3 ζ2
)
+C3FCA
(
2480
27
+
5720
9 ζ2 +280 ζ3
)
+C4F
(
2240
3 ζ3
)]
+D5δ(1− z1)
[
n fC2FCA
(
− 704
27
)
+n fC3F
(
− 803
)
+n2fC2F
(
64
27
)
26
+C2FC2A
(
1936
27
)
+C3FCA
(
536
3
−48 ζ2
)
+C4F
(
−128−96 ζ2
)]
+D6δ(1− z1)
[
n fC3F
(
56
9
)
+C3FCA
(
− 3089
)]
+D7δ(1− z1)
[
C4F
(
16
3
)]
+(z1 ↔ z2) , (7)
∆sv,(1)Y,g = δ(1− z1)δ(1− z2)
[
CA
(
6 ζ2
)]
+D0D0
[
CA
(
2
)]
+D1δ(1− z1)
[
CA
(
4
)]
+(z1 ↔ z2) ,
∆sv,(2)Y,g = δ(1− z1)δ(1− z2)
[
n fCF
(
− 676 +8 ζ3
)
+n fCA
(
− 403 −
20
3 ζ2−4 ζ3
)
+C2A
(
93
2
+
134
3
ζ2 + 1265 ζ
2
2−22 ζ3
)]
+D0D0
[
n fCA
(
− 209
)
+C2A
(
134
9
+4 ζ2
)]
+D0D1
[
n fCA
(
8
3
)
+C2A
(
− 44
3
)]
+D0D2
[
C2A
(
24
)]
+D1D1
[
C2A
(
24
)]
+D0δ(1− z1)
[
n fCA
(
112
27
− 8
3
ζ2
)
+C2A
(
− 808
27
+
44
3
ζ2 +60 ζ3
)]
+D1δ(1− z1)
[
n fCA
(
− 409
)
+C2A
(
268
9 +8 ζ2
)]
+D2δ(1− z1)
[
n fCA
(
4
3
)
+C2A
(
− 223
)]
+D3δ(1− z1)
[
C2A
(
8
)]
+(z1 ↔ z2) ,
∆sv,(3)Y,g = D0D0
[
n fCFCA
(
−63+48 ζ3
)
+n fC2A
(
− 8422
81
+
32
3
ζ2 +16 ζ3
)
+n2f CA
(
200
81
− 169 ζ2
)
+C3A
(
30569
81
+
52
9 ζ2−
32
5 ζ
2
2−352 ζ3
)]
+D0D1
[
n fCFCA
(
8
)
+n fC2A
(
3656
27
− 224
3
ζ2
)
+n2fCA
(
− 160
27
)
+C3A
(
− 16816
27
+
1232
3
ζ2 +976 ζ3
)]
+D0D2
[
n fC2A
(
− 6569
)
+n2f CA
(
16
9
)
+C3A
(
3700
9 −192 ζ2
)]
+D0D3
[
n fC2A
(
160
9
)
+C3A
(
− 8809
)]
+D0D4
[
C3A
(
40
)]
+D1D1
[
n fC2A
(
− 6569
)
+n2f CA
(
16
9
)
+C3A
(
3700
9 −192 ζ2
)]
+D1D2
[
n fC2A
(
160
3
)
+C3A
(
− 8803
)]
+D1D3
[
C3A
(
160
)]
+D2D2
[
C3A
(
120
)]
27
+D0δ(1− z1)
[
n fCFCA
(
1711
27
−8 ζ2− 325 ζ
2
2−
304
9 ζ3
)
+n f C2A
(
62626
729 −
6416
81
ζ2 + 165 ζ
2
2−
392
3
ζ3
)
+n2fCA
(
− 1856
729
+
160
27
ζ2− 3227 ζ3
)
+C3A
(
− 297029
729 −
608
3
ζ2 ζ3 + 1805681 ζ2
+
88
5 ζ
2
2 +
27128
27
ζ3 +192 ζ5
)]
+D1δ(1− z1)
[
n fCFCA
(
−126+96 ζ3
)
+n f C2A
(
− 1684481 +
64
3 ζ2 +32 ζ3
)
+n2f CA
(
400
81 −
32
9 ζ2
)
+C3A
(
61138
81 +
104
9 ζ2−
64
5 ζ
2
2−704 ζ3
)]
+D2δ(1− z1)
[
n fCFCA
(
4
)
+n f C2A
(
1828
27
− 1123 ζ2
)
+n2fCA
(
− 80
27
)
+C3A
(
− 8408
27
+
616
3 ζ2
+488 ζ3
)]
+D3δ(1− z1)
[
n fC2A
(
− 656
27
)
+n2fCA
(
16
27
)
+C3A
(
3700
27
−64 ζ2
)]
+D4δ(1− z1)
[
n fC2A
(
40
9
)
+C3A
(
− 2209
)]
+D5δ(1− z1)
[
C3A
(
8
)]
+(z1 ↔ z2) ,
∆sv,(4)Y,g = D0D1
[
n fCFC2A
(
1656−224 ζ2− 3845 ζ
2
2−992 ζ3
)
+n fC2FCA
(
−4
)
+n f C3A
(
1147774
243 −
120848
27
ζ2 + 23045 ζ
2
2−
47648
9 ζ3
)
+n2f CFCA
(
− 14009 +
320
3 ζ3
)
+n2fC2A
(
− 109190
243 +
3296
9 ζ2 +
1088
9 ζ3
)
+n3f CA
(
800
81 −
64
9 ζ2
)
+C4A
(
− 3407840
243 −14240 ζ2 ζ3 +
397592
27
ζ2
−2112 ζ22 +30448 ζ3 +8448 ζ5
)]
+D0D2
[
n fCFC2A
(
− 31483 +768 ζ3
)
+n f C3A
(
− 27114881 +
18080
9 ζ2 +1408 ζ3
)
+n2fCFCA
(
40
3
)
+n2f C2A
(
19288
81 −
1120
9 ζ2
)
+n3fCA
(
− 160
27
)
+C4A
(
862648
81 −
72472
9 ζ2
+
2112
5 ζ
2
2−11968 ζ3
)]
+D0D3
[
n fCFC2A
(
160
3
)
+n f C3A
(
3256
3
−51209 ζ2
)
+n2fC2A
(
− 2128
27
)
+n3fCA
(
32
27
)
+C4A
(
− 104764
27
28
+
28160
9 ζ2 +
12320
3
ζ3
)]
+D0D4
[
n fC3A
(
− 7120
27
)
+n2fC2A
(
320
27
)
+C4A
(
33800
27
−720 ζ2
)]
+D0D5
[
n fC3A
(
112
3
)
+C4A
(
− 616
3
)]
+D0D6
[
C4A
(
112
3
)]
+D1D1
[
n fCFC2A
(
− 3148
3
+768 ζ3
)
+n f C3A
(
− 271148
81
+
18080
9 ζ2 +1408 ζ3
)
+n2fCFCA
(
40
3
)
+n2f C2A
(
19288
81 −
1120
9 ζ2
)
+n3fCA
(
− 160
27
)
+C4A
(
862648
81 −
72472
9 ζ2
+
2112
5 ζ
2
2−11968 ζ3
)]
+D1D2
[
n fCFC2A
(
160
)
+n fC3A
(
3256
−51203 ζ2
)
+n2fC2A
(
− 21289
)
+n3fCA
(
32
9
)
+C4A
(
− 1047649 +
28160
3 ζ2
+12320 ζ3
)]
+D1D3
[
n fC3A
(
− 28480
27
)
+n2fC2A
(
1280
27
)
+C4A
(
135200
27
−2880 ζ2
)]
+D1D4
[
n fC3A
(
560
3
)
+C4A
(
− 30803
)]
+D1D5
[
C4A
(
224
)]
+D2D2
[
n fC3A
(
− 71209
)
+n2fC2A
(
320
9
)
+C4A
(
33800
9 −2160 ζ2
)]
+D2D3
[
n fC3A
(
1120
3
)
+C4A
(
− 61603
)]
+D2D4
[
C4A
(
560
)]
+D3D3
[
C4A
(
1120
3
)]
+D2δ(1− z1)
[
n fCFC2A
(
828−112 ζ2− 1925 ζ
2
2
−496 ζ3
)
+n fC2FCA
(
−2
)
+n fC3A
(
573887
243
− 60424
27
ζ2 + 11525 ζ
2
2
−238249 ζ3
)
+n2f CFCA
(
− 7009 +
160
3
ζ3
)
+n2f C2A
(
− 54595
243
+
1648
9 ζ2 +
544
9 ζ3
)
+n3fCA
(
400
81
− 329 ζ2
)
+C4A
(
− 1703920
243
−7120 ζ2 ζ3 + 19879627 ζ2−1056 ζ
2
2 +15224 ζ3 +4224 ζ5
)]
+D3δ(1− z1)
[
n fCFC2A
(
− 31489 +256 ζ3
)
+n fC3A
(
− 271148
243
+
18080
27
ζ2 + 14083 ζ3
)
+n2fCFCA
(
40
9
)
+n2fC2A
(
19288
243
−1120
27
ζ2
)
+n3fCA
(
− 16081
)
+C4A
(
862648
243 −
72472
27
ζ2 + 7045 ζ
2
2
−119683 ζ3
)]
+D4δ(1− z1)
[
n fCFC2A
(
40
3
)
+n fC3A
(
814
3 −
1280
9 ζ2
)
29
+n2f C2A
(
− 532
27
)
+n3fCA
(
8
27
)
+C4A
(
− 26191
27
+
7040
9 ζ2 +
3080
3
ζ3
)]
+D5δ(1− z1)
[
n fC3A
(
− 1424
27
)
+n2fC2A
(
64
27
)
+C4A
(
6760
27
−144 ζ2
)]
+D6δ(1− z1)
[
n fC3A
(
56
9
)
+C4A
(
− 3089
)]
+D7δ(1− z1)
[
C4A
(
16
3
)]
+(z1 ↔ z2) , (8)
where
Di =
[
logi(1− z1)
(1− z1)
]
+
, D i =
[
logi(1− z2)
(1− z2)
]
+
. (9)
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